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1. Introduction It is known that in the work of E. Del Vecchio gives a method for constructing
fundamental solutions of an equation with multiple characteristics and as an application the
fundamental solution of the equation is constructed (cm.[1])

Lu=s2—-2>=0, (1)

Further, L.Cattabriga developing the work of E.Del Vecchio in 1959 constructed the
fundamental solutions of the equation (cm.[2])

aZI’H—l

Lu= PV —(- )——O,neN,n<oo (2)

and developed the theory of potentials of fundamental solutions. Later, the researchers
considered a number of boundary value problems for equation (1) with local boundary conditions,
for example, (cm.[2]-[4]).

In the area of Q ={(x,t):0<x<1,0<t<T} consider the equation

ou o4
Lu=s—-—=0. 3
RPN )
with non-local boundary conditions
u(x,0)=u(x,T), u(x,0)=u,/(x,T), (4)
u 0D =g, U=y, ULt =p,(). )

in the classroom u(X,t) € Cff Q)N Cftl(g_z)
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It is known that the fundamental solutions of equation (3) have the following form (cwm. [3]).

-7
: _ V3 X—¢
V(X_égat—f)—lt_fl @ W ) X<§l t=+r7. (7)
-7
Here
2 o .
1‘(Z)=§IZI”2 [ 8 ()dn+c*, 2>0, ©)
2 z .
f(Z)=§|Z|1/2 [t (m)dn+c”, z<0, 9)
2 2
co(Z)=§|Z|”2 [n™%¢"(m)dn +¢, z<0, (10)

f*( ) 0 /13/2 /13/2 l dl
Z)= |exXp| ——~ |COS| —f—= + AZ , —00<Z<o0,
[0 7 |

o0 32 0 /13/2 /13/2
o (2)=[exp(Az—A"")dA+ exp(— jsin[ +/Izjdﬂ, 2<0,
[exp(hz=2T)d2+ o] ~T5 Jin| T

z=(x=&)|t—7[%5.
For the function
Ux-&t-7), V(x-&t-1),
U'(x=¢&t—1), V(X=&t-1),
f(z), o). f°(2), ¢ (2)

the ratios are fair

f"(2) +§zf (2)=0, ¢"(2) +§z¢"(z) =0, (11)
(t@=n [F@=2 [®=% [o@)=0 (12)
B ? 3 ) 30 L
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U, =-U_=sign(t—-7)U*, V,=-V,_ =sign(t—7)V", (13)
b
IimtIU*(X—é;t —Da(é,r)dé =xra(x,t), xe[a,b], (14)
Tty
b . —
|int1jU (x=&t—1)a(é,7)dE=0, xda,b]. (15)
oty
t 27
glimojugg(O—f;t—r)a(f,z')dz' = ?a(t), (16)
t
;”‘JOIU £ (0-&t—D)a(&, r)dr = —%a(t), (17)
t
gimojvgé(O—ﬁ;t —7)a(&,7)dr =0, (18)
2h+3k+%—(—1)k
U | Ix-&] 2 X—¢&
oxot < e 27 7% (19)
[t—z| 2 [t—7[°
2h+3k+%—(—1)k
oMV |x—¢&| 2 X—&
xar| Ok z 7T (20)
[t—z| 2 [t—z[°
3
h+k _2h+3k-1 _ _
_ahUk <|t-z] 3 exp|- X 52 , X i—)oo, (21)
ox ot 2 2
[t—7[° [t—7[°
where
U*(X—(f;t—r)=|t—r|_”3f{ﬁ} X% ter, (22)
Vi(x-&t—1)=|t—r [ (DLﬁj X<g, t#r. (23)

2. Main results
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Theorem 1. Problem (3)-(5) does not have more than one solution.

Proof. Let the problem (3)-(5) have two solutions: U, (X,t),u,(X,t). Then assuming
V(X,t) = u (X,t) —u,(X,t) we get a problem of type (3)-(5) with respect to the function V(X,t)
with homogeneous boundary conditions. Now consider the identity

1T

[JL(v)v, (x,t)dxdt =0. (24)
00

Integrating in parts, taking into account homogeneous boundary conditions of type (5), (6), we
have

1T 1 1
—[ V3 (x,t)dxdt — = v (0,t)dt =0
00 2 0

From here, v, (X,t) =08 Q, v,(0,t)=0 5 [0,T].

Since Vv, (x,t)=0, 10 VvV, (X,t)=A4(1), v(Xt)=x4({t)+A(t). By assumption
function V(X,t) = XA, (t) + A4, (t) is a solution of problem (3)-(5) with homogeneous boundary
conditions. Therefore

vO,) =4 1), v(Lt)=41)+4L(1)=0= A4(t)=-4()
On the other hand
Vv,(0,t)=0 = v(0,t) =const.

Then A4,(t) =const = A, (t) =—const. By virtue of this

v(x,t) = (1—x)const = v, (x,t) =—const.

Since v, (0,t) =0, v, (1,t) =0, To const = 0. Therefore v(X,t) =0 8 Q.

Theorem 2. Let v, (t) eC'([0,T]), v, C'([0,T]), ¢(t) eC([0,T]). Then there
is a solution to the problem (3)-(5).

Proof. Consider two auxiliary tasks:
I. Inthe area of Q ={(x,t):0<x <1, 0<t<T} consider the equation

ou
Lu=—-—=0. 25
ox® ot #)
with boundary conditions
u(x,0) =u(x,T) = a(x), (26)
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rn

U (0,1) =(t), uL,t)=w1 (), u(l,1)=w,(1,x), (27)

e u(x,0) = a(x) € C3((0,1)) NC?([0,1]) unknown function yet.

Due to the work of [4], the solution of the problem (25)-(27) will be in the following form

2zu(x,t) = }G&;(x -Lt—7)y (r)dz -
0

—EGg(X—l;t —Z')l//z(f)d2'+]o:G§(X—0;t —7)p(r)d7r +

1
+H{G, (x= &t -T) -G, (x~&;t-0)}a($)d¢, (28)

0

where
G(x-&t—1)=UX-S&t—-7)-W(x-&;t—1),
function W (X — &;t —7) is a solution to the following problem
W oW
M=o e =%

Uleer™Wle Uleo™Wilezor Uge leo™Wer leso.
U |T:O:W |T:O’ U |T=T:W |7,':T .

Now differentiate (28) by , then proceed to the limit t — 0. Then denoting £(X) = U, (X,0)
we get the relation between the functions (X)) u S(X)

273(X) = }Géé (x-1;0-7)y (r)dz -
0
—}Gg(x —-1;0-7)y5(7)dr +}G§(X —0;0—-7)¢'(r)dr +
0 0

1
+]G(x=&,0-T)a"(£)dS. (29)
0

I1. In the area of Q ={(x,t):0<x<1, 0<t<T} consider the equation

70
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ou o4
Lu=s—-—=0. 30
RPN (30
with boundary conditions
U, (x,0) =u,(x,T) = B(x), (31)
B O =p®), ULH=p®), u@D=p,LX, @2

where U, (x,0) = B(X) € C?((0,1)) nC*([0,1]) unknown function yet.

Due to the work [4], the solution of the problem (29)-(31) will be in the following form

2zu(x,t) = }G{g(x—l;t -7y, (r)dr —
0
T T
—ng(X—l;t —T)y,(r)dr + ng(X—O;t —7)p(r)d7 +
0 0

+}{G(X—§;t—0)—G(X—§;t—T)}ﬂ(§)d§, (33)
0

where
G(x=¢&t—-7)=UX-¢&t—1)-W(x=-¢&;t—1),

function W (X — &;t —7) is a solution to the following problem

Ulee=Wilezy Uleo=Wizor U lezo= Wi o
UT |T:0:Wr |r:O’ Ur |T:T :Wr |7,':T .

Now moving to the limit of (33) we get the second relation between the functions a(X) u

£(x)

27 (X) = }Géé(x -1,0-7)y,(r)d7 —
0

—}Gg(x—l;O—r)wz(r)dr+}G§(X—O;O—r)g0(r)dr—
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—}G(X—f;O—T)ﬁ(f)df- (34)
0

So we have obtained a system of integral equations (29), (34) with respect to functions &' (X)

We exclude the system from this ¢'(X) and we get an integral Fredholm - type equation with
respect to the function F(X)

B(x) = [K(x,5) B(E)dE + F(x), (35)
0

rae | K(x,8)[< F(x) eC([0,1]).

[x=& [

Due to the uniqueness of the solution of the problem (3)-(6), the integral equation (35) has a
unique solution.
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