1JSSIR, VVol. 11, No. 12. December 2022

OPTIMAL QUADRATURE FORMULA FOR THE APPROXIMATION OF THE RIGHT
RIEMANN-LIOUVILLE INTEGRAL

'Khaydarov 1.U., 2Turgunboyev B.Sh. *Qudratillayev M.
123 Ferghana State University (Ferghana, Murabbiylar st., 19)

Abstract: In the present article, the problem of construction of the optimal quadrature formula
in the sense of Sard is discussed for numerical integration of the right Riemann-Liouville integral in
the Hilbert space of real-valued functions. Initially, the norm of the error functional is found using
the extremal function of the error functional of the quadrature formula. Since the error functional is
defined on the Hilbert space, the quadrature formula that we are constructing is exact for zeros of this
space, that is, we have the conditions that the influence of the error functional on these functions is
equal to zero. Then, the Lagrange function is constructed to find the conditional extremum of the
error functional. Thereby, a system of linear equations is obtained for the coefficients of the optimal
quadrature formula. The existence and uniqueness of the solution of the obtained system are studied.

Keywords: optimal quadrature formula, the extremal function, the error functional, optimal
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1. Introduction.

It is known that calculus means integration and differentiation. Fractional calculus, as its name
suggests, refers to fractional integration and fractional differentiation. Fractional integration often
means Riemann-Liouville integral. But for fractional differentiation, there are several kinds of
fractional derivatives. In the following definition is introduced [1, 3, 4].

Definition 1. (Definition 1 in [7]) The left fractional integral (or the left Riemann-Liouville
integral) and right fractional integral (or the right Riemann-Liouville integral) with order o >0 of

the given function ¢(t), t €(0,1) are defined a

Dojfgo(t):ﬁi(t_x)“*gp(x)dx, ®
and
thf‘(p(t):ﬁj(x—t)ﬂ(p(x)dx, @

respectively, where [” (0( ) is Eulier’s gamma function.

The study of fractional integrals (1) and (2) is a two hundred year old subject that is part of a
branch of mathematical analysis called Fractional Calculus [1, 2, 4]. Recently, due to its many
applications in science and engineering, there has been an increase of interest in the study of fractional
calculus. Fractional integrals appear naturally in many different contexts, e.g., when dealing with
fractional variational problems or fractional optimal control. And also at the present time researchers
pay attention to study partial differential equations including fractional differential operators and
problems related to these equations. For more information we note works [8], [9] and references
therein. While studying problems for mixed type equations one has to solve some integral equations
including fractional differential equations (see [10], [11], [12],[13]). As is frequently observed,
solving such equations analytically can be a difficult task, even impossible in some cases. One way
to overcome the problem consists of applying numerical methods, e.g., using Riemann sums to
approximate the fractional operators.
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In this work we construct a quadrature formula for approximation of the right Riemann—
Liouville integral (2). We consider a quadrature formula of the following form

j‘”j%( = /;Cﬁ(p(xﬁ) 3)

1-t
where h = T, t<], Xy = hf +1, and function ¢ belongs to the linear space

o(x) e LY (1,1), which is defined as (see [1, 2]).
The following difference is called the error of the quadrature formula (3)

J‘(D(X)dx ZCﬁq)(Xﬂ)=T|(X)(p x ) dx
50 i

The error functional for quadrature formula (3) has the following form

0(x)= \[})1(]_ ZC S(x—X,)

Here, are coefficients of quadrature formula (3), &g ( ) is the characteristic function of the interval

[t,l] ,and §(X) is Dirac’s delta-function.
The inner product of two functions (p(x) and y/(x) in the space L(zl) (t,l) is defined as

(o) =[(o) (")

And norm of the function in this space is determined as

ol = (6" ) o

t

The error of the quadrature formula is a linear functional in L(Zl) (t,l) where L() (t 1) is the

conjugate space to the space L) (t.1).
It is natural to evaluate the quality of the quadrature formula (3) using the maximum error of
this formula on the unit ball of the Hilbert space L(l) (t 1) that is, using the norm of the functional

an *—Sup|€¢|

Obviously, the norm of the error functlonal depends on Cﬁ coefficients and X, nodes.
If

¢

L

then the functional ¢ is said to correspond to the optimal quadrature formula in L(zl) (t,l) :

Problem above in such a general formulation is quite difficult. Minimizing the norm of the
error functional with respect to the coefficients C 5 is alinear problem, and with respect to the nodes
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X, itis actually non-linear, complicated problem, therefore, for simplicity, we consider this problem

with fixed nodes X
The main problem, in this work, is as follows.
Problem 1. Find the coefficients Cﬂ that give minimum value to, and calculate

|M@vzgﬂ4@*
For solving this problem, firstly, we must find the norm of the error functional. For this we

need an extremal function of the error functional /. General form of the extremal function in
LY (t,1) space was found in works [2, 4, 5] and [10]. In particular, we get the following

0

[l = () = [ (3w, () dx @
here /, is the extremal function and it is defined as foIIc:;/s
v, =0(X)*G,(x)+P,(x) (5)
herein
G,(x) =g
Using (5) from relation (4) we get the following
”5“32 =(ly)= _[ x)[£(x) )+ Py(x)]dx 6)

It should be noted that since the error functional E(X) is defined on the space L(zl) (t,l), it
satisfies the following conditions
(4,1)=0. (")
The equalities (7) mean that the quadrature formula (3) is exact for any polynomial of degree
m=1.
Then, from equality (6), taking into account the expression (7), we have the following

I {z(x)(f(x)*csl(x))dx -

_I \[/”T icpﬁ j dy—iCyGl(x—xy) dx.

p=0 y=0
From here we get

—Zicﬁle(x_(hﬂ+t))dx+ﬁMdXdy (8)
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The expression (8) is a multivariate function with respect to coefficients C 5+ Given the
condition (7), we consider the Lagrange function to find the minimum of the expression
2
@(C,2) =[] - (1) + B (x)
here C,and 4.
Also, we have

(ex)j ZCx—Ok 0,1,..,m-1.

In that case, equating to 0 the partlal derlvatlves of the function @ byC and A, we get the
following system of linear equations

Z:Cﬁl(hﬁ—hﬂfﬁﬂoxf,: f.[3], B=01...N, )
icyxﬁ =0, (10)
ore o
f,[A] =ij[XJX(Ef+t)] dx, a1)
9 =j Sx_t (12)

Thus, we calculate the above integrals and we get the following expressions

fl[,b’]zg\/(hﬂ)s +%\/(l—t)3 It

Likewise,

J, =2v1-t.

In this way, we have redefined the system of linear equations (11)-(12).
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