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DISCUSSION

As we know if the equation f(f(x))=x is true when f :R — R is reflected, this reflection
is called involution.

In the science of differential equations, we also encounter a number of differential equations
: . : +
that have the property of involution. The functions as f(x) = V1 —x™ ,neN, f(x) = ax+p

ux—A
composes involution.

We can distinguish some of these functions and apply them to differential equations. Let us
consider the differential equation of the second-order variable coefficient as follows.

y'(E)+ay@=q0 @

Here @ = const, q(x) —free koef.

Theorem: (1) The second order after the equations is the integration of the simple differential
equation

. . : 1 .
Proof: if we do reflection for (1) equation as f: x — —, the result will be as follows:
X
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144 ! 1 1
y'(x) +ay (;) =q (;) (2)
From (2) equation we find y’ G) = %(q G) —y'"(x)) and find product by x. y"’ G) =
x% 1

— (=4 G) + y'""(x)) we put this result to the (1) equation.

a “x?2

2
= iq’ G) + y""(x)) + ay’(x) = q(x) and when we simplify it the result will be as

a “x2
follows:

2

0+ oy () = 5 g0 — 2/ (5) 3
x)+—=yx)=—qx)—-— —
y 27 il 1)@
We multiply two parts of (3) by x3 and the result will be as follows:

x3y"" (x) + a’xy'(x) = g(x)(4)
here x2%aq(x) —x2q’ (%) = g(x)

the equation (4) come to the problem of solving simple differential equation. I

The equation (4) is also called Eyler problem. We consider it the general solution of
homogeneity. In this case, we bring the linear differential equation with a variable coefficient to the
linear equation with a variable coefficient. For this, we do change as x = e' and take the following
result:

dx _ t . dt _ —t
—=e it comes to —=ce
dt dx

., dy dy dt St

= =—r— =28 .
Y = ax T dt dx Ve

2

y/r _ d y :i<d_y> :i e—t yl) — e—t i(ﬂ)
xx " dx2  dx\dx/ dx t dx \dt

d (dy _d (dy
dx dt) S dt (dx>

From

and it results

, d d dy d?y
"t (Y = ot e (ot ) = o=t | _p—t -t. = 2| =
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(5)isa

dt? dt

dy dzy] [dzy dy]
— et [_e—t__l_e—t =2t [ 2L
dt dt?

From the above given, the following will be true:

d’y _d*y _dy
rnr _ =3t , 7
G [dt2 P TORI:

r

We put for the (4) equation amount of 7y, y’;x, Y, The result will be as follows:

i

yi'" =3y + 2y + a*y; = g(e") (5)
third-order differential equation with a constant coefficient of non-homogeneity.

The solution for (5) is as:

y=Y+Y (5"

Here Y is the solution for homogeneous part of the equation (5), and Y; is a particular solution.

Let us solve homogeneous part of the equation (5)
yi' =3y +(@*+2)y; =0 (6)
Here (6) we do changeas y = et and find characteristic equation.
k3 —-3k*+ (a®*+2)k=0
ki =0

3+9-4(a%?+2) 3+V1-—4a?
ka3 = 2 - 2

From these

3t 1-4a?t ) \/1—4a2t> )

Vi =C,Y, =€z (czcosT + c3sin

and x = e’ we put t = [nx to the equation (7).

vV1i—-4aZinx V1i—-4aZinx
2

+ c3sin )

3
Y1 = €1, Y2 = x2(cyc08

The solution of the homogeneous part is a combination of these lines:

42
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3 V1—4a?lnx . V1-4a?inx
Y =c¢; +x2(c,cos ——+ CBSlnT)

We find Y; accordingto g(x)

Example: Find the general solution for

() 4y =x

. . 1
Solution: Here we do reflection as f: x — —and the result as follows:
X

y'(x)+y' G) = iand from this we find y’ G) = iand take once production:

II(1>_ 2( III( )+ 1)
y <) = X7y W %)

1

y// (_) — xzynl(x) + 1
X
x2y"(xX)+1+y'(x) =x/x
x3y" +xy'(x) = x(x — 1) (8)
If we change as (8)x = e’ we get
y"'e—=3y", +3y', =e'(e" = 1) (8")

As a = 1 in (8) the solution is as follows:

V3 .
Y = xvx clcos7lnx+czsm7lnx + c3

Let us find a particular solution for (8)
We search a particular solution for (8") as
y,(t) = Ae?" + Bet
y' () = 24e*" + Bet
y",(t) = 4Ae?" + Bet
y'" (t) = 8Ae*' + Be
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We put them to the (8")

(84— 124+ 6A)e? + Bet = e?t — ¢t

We equate the corresponding coefficients of the equation. The result is A = %;B = —1.
From this it comes to
1
y1(t) = se*f —et
2
The particular solution for (8):
1
Y, ==x%2—x
)

So we find that the general solution of the equation derived from the above is :

V3 V3 1
y(x) = xﬁ(clcos7lnx + ¢, sin7lnx) +c3 + Exz — X
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